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EIGENFUNCTION CONCENTRATION FOR POLYGONAL BILLIARDS
ANDREW HASSELL, LUC HILLAIRET, AND JEREMY MARZUOLA
Abstrat. In this note, we extend the results on eigenfuntion onentration in billiards as proved by
the third author in [8℄. There, the methods developed in Burq-Zworski [2℄ to study eigenfuntions for
billiards whih have retangular omponents were applied. Here we take an arbitrary polygonal billiard B
and show that eigenfuntion mass annot onentrate away from the verties; in other words, given any
neighbourhood U of the verties, there is a lower boundZ
U
|u|2 ≥ c
Z
B
|u|2
for some c = c(U) > 0 and any eigenfuntion u.
1. Introdution
Let B be a plane polygonal domain, not neessarily onvex. Let V denote the set of verties of B, and
let ∆B denote the Dirihlet or the Neumann Laplaian on L
2(B). In this note, we will prove the following
Theorem 1. Let B be as above and let U be any neighbourhood of V . Then there exists c = c(U) > 0 suh
that, for any L2-normalized eigenfuntion u of the Dirihlet (or Neumann) Laplaian ∆B, we have∫
U
|u|2 ≥ c.
That is, U is a ontrol region for B, in the terminology of [1℄.
We will generalize this result to any Eulidean surfae with onial singularities (ESCS) X with U being
any neighbourhood of the set of onial points and the uk being the eigenfuntions of the (Friedrihs)-
Laplae operator on X (see Setion 2 for more preise denitions).
Atually our main onern will be to derive a suient geometri ondition for U ⊂ X that ensures that
U is a ontrol region for the Laplae operator. It is well-known that suh a ondition is obtained by the
so-alled geometri ontrol (see [1℄ for instane) and we will be interested in regions U for whih geometri
ontrol fails. One major obstrution to geometri ontrol is the existene of periodi orbits that do not
interset U. Sine, on an ESCS, the non-singular periodi orbits form Eulidean ylinders immersed in X ,
we introdue the following geometri ondition:
Denition 2. A region U ⊂ X is said to satisfy ondition (CC) (the `ylinder ondition') if the following
two properties hold.
(1) Any orbit that avoids U is non-singular and periodi.
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X
B
Figure 1. Doubling a billiard B, here with a slit, to form an ESCS X . Eah vertex with
angle α gives rise to a oni point with angle 2α, and the endpoints of the slit beome
oni points with angle 4π.
(2) There exists a nite olletion of ylinders (Ci)i≤N suh that any orbit that avoids U belongs to
some Ci.
Here, by a ylinder we mean an isometri immersion of S
1
l × I into X0, where I ⊂ R is an interval and
S
1
l is the irle of length l (see Lemma 7 below).
The main theorem of this paper is then the following.
Theorem 3. Let X be an orientable ESCS and U a domain satisfying (CC). Then there exists a positive
onstant c = c(U) suh that any normalized eigenfuntion uk of the Eulidean Laplae operator on X
satises
(1.1)
∫
U
|uk|
2 ≥ c
The rst theorem is derived from this one by letting X be the double of the polygon B and by taking
U the ε neighbourhood of the onial points of X , orresponding to the verties of B; see Figure 1. The
fat that, for billiards, U satises (CC) is the prinipal result of [3℄ (see Setion 4 below).
Remark 4. Using Theorem 3, Theorem 1 an be sharpened by removing from V those verties with angle of
the form π/n for some integer n, as a reetion priniple argument takes are of suh verties. Conretely,
the geodesi ow may be non-ambiguously prolongated at suh points. In partiular, a ylinder hitting
suh a vertex on its boundary may be prolongated.
Remark 5. Let us mention other settings where our theorems apply. In the rst theorem, the polygon may
have polygonal holes and/or slits in it. In this ase, V should inlude the verties of the holes and the ends
of the slits. It also applies to translation surfaes, and thus also to tori with slits.
Remark 6. We will prove in Setion 3 that any neighbourhood of the onial points satises ondition
(CC) on any ESCS so that we ould have stated the theorem without refering to this ondition. We have
stated it thus in order to emphasize the fat that suh a ontrol result usually requires two distint steps.
The rst step is to nd some geometri or dynamial ondition that implies ontrol, and the seond step
is to nd settings where this ondition holds. These two steps proeed from essentially dierent methods:
analyti in the ase of the rst step, and geometri/dynamial in the ase of the seond.
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The organization of the paper reets the two steps of the proof desribed in the preeding remark. We
rst reall in Setion 2 some basi fats about ESCSs, semilassial measures and the doubling proedure
that allows one to treat polygonal billiards.
In Setion 3, we will prove that (CC) implies ontrol. To do this, we shall argue by ontradition in the
following way. Assume that there is no c suh that (1.1) holds. Then there is a sequene (un) of normalized
eigenfuntions with eigenvalues λ2n → ∞, whose mass in U tends to zero as n → ∞. Assoiated to suh
a sequene is (at least one) semilassial measure µ whih is neessarily supported away from the inverse
image π−1(U)  see Lemma 10. It is a standard property of suh semilassial measures that the support
of µ is invariant under the billiard ow. We shall show that the support property of µ just mentioned and
the geometri ondition (CC) imply that µ would have to be supported on the ylinders Ci. So it sues,
for a ontradition, to show that its mass on eah suh ylinder is zero. To do this we use the argument of
[8℄ (whih in turn relies on [2℄) slightly modied so as to avoid a tehnial assumption made there.
Finally, in Setion 4, we demonstrate (CC) for any neighbourhood of the set P of oni points of an
ESCS X .
2. ESCSs, polygons and semilassial measures
A Eulidean surfae with onial singularities (ESCS) is a surfae X equipped with a metri g suh that
X may be written X0 ∪ P where the metri g is Eulidean on X0, and P onsists of a nite number of
points pi, suh that eah pi has a neighbourhood isometri to a Eulidean one whose tip orresponds to
pi.
A reason for studying the Laplae operator on a ESCS is its relation with polygonal billiards. Indeed,
starting from a polygon B, possibly with polygonal holes and/or slits, the following doubling proedure
gives a ESCS X. Take two opies B and σB of the polygon where σ is a reetion of the plane. The
double X is obtained by onsidering the formal union P ∪ σP where two orresponding sides are identied
pointwise. The reetion σ then gives an involution of X that ommutes with the Laplae operator. The
latter thus deomposes into odd and even funtions and the redued operators are then equivalent to the
Laplae operator in P with Dirihlet and Neumann boundary ondition respetively. In partiular, for any
un eigenfuntion of the Neumann, resp. Dirihlet Laplae operator in P , we an onstrut an eigenfuntion
of the Laplae operator in X by taking u in P and u ◦ σ, resp. −u ◦ σ in σP.
On suh a surfae, we shall onsider the geodesi ow indued by the Eulidean metri on X0. We
will not onsider here the geodesis that end in a onial point sine the ondition (CC) only onsiders
non-singular geodesis. The following lemma shows that a non-singular periodi geodesi on a ESCS is
always part of a family.
Lemma 7. Let X be an orientable ESCS. Let g : R → X be a non-singular T-periodi geodesi, then there
exists δ > 0 suh that g extends to h from R× (−δ, δ) into X0 suh that
(1) h(t, 0) = g(t),
(2) h is a loal isometry from R× (−δ, δ) equipped with the at metri into X0,
(3) h is T -periodi in t.
Thus h may be viewed as dened on the ylinder Cδ,T := S1T × (−δ, δ).
Proof. Let T be the smallest period of g. For any t ≤ T there exists δt suh that the square (−δt, δt)2
is isometri to a neighbourhood of g(t). Moreover, this isometry ht may be hosen so that the horizontal
segment (−ht, ht) × {0} projets onto g(t − ht, t + ht) : ht(t1, 0) = γ(t + t1). Using ompatness, δ =
inf{δt, t ∈ [0, T ]} exists and is positive. Gluing the ht by ontinuity denes a loal isometry h : R× (−δ, δ)
into X0. By onstrution, for any s, h(t, s) is at distane |s| of the geodesi g and this distane is realized by
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Figure 2. Constrution of a ylinder from its omponents Qj along a periodi trajetory.
g(t). Thus, there are only two possible hoies for h(t+T, s). Sine X is orientable, neessarily h(t+T, s) =
h(t, s). 
Let η ∈ (−δ, δ). As η ↑ δ, the periodi geodesis h(t, η) onverge to a possibly singular periodi geodesi
(and similarly for η ↓ −δ). The ylinder Cδ,T will be alled maximal if both these geodesis are singular.
In the geometri ondition (CC), we may assume that the ylinders are maximal.
We now dene the Eulidean Laplae operator on a ESCS. First note that the Eulidean metri on X
provides us with a well-dened L2 norm and that smooth funtions ompatly supported in X0 are dense in
L2(X). For any suh funtion, we an also dene the quadrati form q(u) =
∫
X |∇u|
2dx in whih ∇ is taken
with respet to the Eulidean metri and dx is the Eulidean area element. The Laplae operator is the
self-adjoint operator assoiated with the losure of this quadrati form. It is also the Friedrihs extension
of the usual Eulidean Laplae operator dened on C∞0 (X0). It is standard that this operator has ompat
resolvent so that its spetrum is purely disrete and we may onsider its eigenvalues and eigenfuntions.
Let un be a sequene of eigenfuntions on X assoiated with a sequene of eigenvalues going to innity.
We want to assoiate to this sequene a so-alled semilassial measure. Sine we do not want to look
preisely at what is happening at the onial point, our semilassial measure µ will be a positive distri-
bution ating on C∞0 (S
∗X0), where S
∗X0 denotes the unit otangent bundle over X0. Our semilassial
measure is then given by the usual reipe. In partiular, for any a ∈ C∞0 (S
∗X0) and any zeroth-order
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pseudodierential operator A on X with prinipal symbol a we have
lim
n→∞
〈Aun, un〉 =
∫
S∗X0
adµ.
Remark 8. It is onsiderably simpler to dene a pseudodierential operator on X0 than on X . In partiular
we may use loal isometries with the Eulidean plane.
Remark 9. It should be noted that, in ontrast with the usual semilassial measure, with this denition,
a semilassial measure need not be a probability measure. In order to be a probability measure one has
to prove that, loosely speaking, no mass aumulates at the onial points.
The invariane property of this measure by the geodesi ow also has to be taken arefully. The
innitesimal version of this invariane is true using the standard ommutator argument and Egorov's
theorem sine this omputation takes plae integrally over X0. One an then integrate this property along
any geodesi until it reahes a vertex.
3. Proof of the main theorem
Let U be a domain of X satisfying ondition (CC). Neessarily we have P ⊂ U. We will denote by
U0 = U\P . Let un be a sequene of normalized eigenfuntions suh that
∫
U |un|
2 → 0. Let µ be any
semilassial measure assoiated to (un). Then we have
Lemma 10. (i) The support of µ is disjoint from π−1(U0).
(ii) µ is a probability measure that is invariant under the geodesi ow.
Proof. (i) Suppose that there is a point q ∈ suppµ with π(q) ∈ U0. Choose a nonnegative funtion
φ ∈ C∞(X0) supported in U0, with φ ≡ 1 in a small neighbourhood G of π(q). Sine φ ≥ 0 and µ is a
positive measure, we have 〈µ, φ〉 ≥ 0. If 〈µ, φ〉 = 0 then 〈µ, χ〉 = 0 for every χ ∈ C∞0 (S
∗X0) supported in
π−1(G), sine we have χ = χφ, and by the positivity of µ and φ, |〈µ, χφ〉| is bounded by 〈µ, φ〉‖χ‖∞. But
this would mean that π−1(G) is disjoint from the support of µ, whih is not the ase. Thus we onlude
that 〈µ, φ〉 > 0. This means that
lim
n→∞
∫
B
|un|
2φ > 0,
ontraditing our assumption about the sequene (un). This proves (i).
(ii) Statement (i) tells us preisely that no mass aumulates at the onial points and thus µ is a
probability measure (see Remark 9 above). The invariane holds sine µ is a semilassial measure. 
Let µ be as above, and let (z, ζ) ∈ T ∗X0 be in the support of µ. Aording to the preeding lemma and
the invariane property of µ, ondition (CC) implies that z belongs to a ylinder periodi in the diretion
ζ.
The support of µ is thus inluded in the union of the maximal ylinders Ci dened in ondition (CC).
Let C be suh a ylinder. By denition, there is a loal isometry between S1L × (0, a) and C. Using
it, we an pull-bak the eigenfuntion un to C. We now apply the argument of [8℄ to this funtion un
on C. Let us use Cartesian oordinates (x, y) on C, where x ∈ [0, L], y ∈ [0, a] with x = 0 and x = L
identied. Thus {y = 0} and {y = a} are the two long sides of the ylinder, and the variable y parametrizes
periodi geodesis. Choose a uto funtion χ ∈ C∞c [0, a] suh that χ = 1 on an open set ontaining all
y parametrizing all paths disjoint from Uǫ (as opposed to Uǫ/2). Then χun vanishes near the long sides
of C, and thus may be regarded as a funtion on a torus T . So we now have a sequene vn = χun on T .
Consider any semilassial measure ν assoiated with the sequene (vn) on T . By ompatness, the vn are
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bounded in L2, so there exists at least one semilassial measure assoiated with (vn) (on the torus). This
ould be the zero measure; this would be the ase if ‖vn‖L2 → 0, for example. Sine µ is supported on
a nite number of ylinders, there are only a nite number of diretions in the support of ν. So we an
nd a onstant-oeient pseudodierential operator Φ on T that is miroloally 1 in a neighbourhood of
diretions parallel to dx, i.e. in the diretion of the unwrapped periodi paths, but vanishes miroloally in
a neighbourhood of every other diretion in the support of ν. (See [8℄ for a disussion of onstant-oeient
pseudodierential operators on a torus.)
Consider the sequene of funtions (Φvn) on T . The semilassial measures ν
′
assoiated to this sequene
are related to those for the sequene (vn) by ν
′ = σ(Φ)ν. Thus, the support of ν′ is restrited to diretions
parallel to dx and to geodesis parametrized by y suh that χ(y) = 1 (beause of lemma 10 and the way
we hose χ).
Now we apply the proposition on p46 of [2℄ whih says:
Proposition 11. Let ∆ = −(∂2x + ∂
2
y) be the Laplaian on a retangle R = [0, l]x × [0, a]y. For any open
ω ⊂ R2 of the form [0, l]x × ωy, there is C suh that, for any solution of
(∆− λ2)w = f + ∂xg
on R, satisfying periodi boundary onditions, we have
‖w‖2L2(R) ≤ C
(
‖f‖2L2(R) + ‖g‖
2
L2(R) + ‖w‖
2
L2(ω)
)
.
(This proposition is stated in [2℄ for Dirihlet boundary onditions on a retangle, but applies equally well
to periodi boundary onditions as noted in [8℄.) We apply this with w = wn = Φvn, f = fn = Φ((∂
2
yχ)un),
g = gn = −2Φ((∂yχ)un), and ω ontained in the set {χ = 0}. (Note that Φ ommutes with ∆ and
∂y.) Sine f and g are supported on the support of ∇χ, their support is disjoint from that of ν′, so
‖fn‖2L2(R) + ‖gn‖
2
L2(R) → 0 as n → ∞. Also, by our hoie of ω, we have ‖wn‖
2
L2(ω) = 0. It follows that
‖wn‖
2
L2(R) → 0. But this means that ν
′ = 0. This implies that ν has no mass along diretions parallel to
dx, whih means that µ has no mass along the ylinder C. Sine C is arbitrary, and the number of suh
ylinders is nite, this means that µ has no mass, i.e. it is the zero measure. This ontradits part (ii) of
Lemma 10. We onlude that Theorem 3 holds.
4. Condition (CC) for neighbourhoods of the oni set P
In this setion we study ondition (CC) in more detail. We wish in partiular to address this ondition
for the region Uǫ whih is the ε neighbourhood of the set P of onial points of an ESCS X .
In this ase we have the following proposition.
Proposition 12. Let X be an orientable ESCS with singular set P .
(i) For any geodesi γ, either γ is periodi, or the losure of γ meets P .
(ii) Let Uǫ denote the ε neighbourhood of P . Then any periodi geodesi avoiding Uε (whih is periodi
by part (i)) belongs to a maximal ylinder and the number of suh maximal ylinders is nite.
Before proving Proposition 12, we introdue some notation and denitions. A strip is an isometri
immersion h : R× I → X0, where I is a nonempty open interval and R× I is equipped with the Eulidean
metri. We will also sometimes all the image of h a strip. The width of the strip is the length of the
interval I.
For any strip, the mappings γc := h(·, c), c ∈ I, are geodesis of X0. Sine h is a loal isometry and X
is orientable, if one γc is periodi of length L then, for any c
′, γc′ is also periodi with length L.
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A maximal strip is a strip that annot be extended to R× I ′ for any open I ′ properly ontaining I. A
strip is maximal if and only if P intersets the losure of h(R× I) on its left and on its right.
For any geodesi γ we will denote by γ˜ the geodesi lifted to the unit tangent bundle SX0 and we denote
by π the projetion of SX0 in X. We also denote by d(., .) the distane on X.
Proposition 12 is a straightforward onsequene of the following lemma, whih is losely related to results
of [5℄.
Lemma 13. Let h : R× I → X0 be a strip of positive width. Then there exists L suh that h(t+ L, s) =
h(t, s).
Proof. We follow losely the ideas of [5℄. We may assume that h is maximal and I = (−δ, δ) and we will
prove that γ0 is periodi. Observe that for any t, d(γ0(t), P ) ≥ δ.We denote by Z ⊂ SX0 the forward limit
set of the lifted geodesi γ˜0. By ontinuity,we have that d(π(Z), P ) ≥ δ. This implies rst that Z is ompat
and then that the geodesi ow is ontinuous on Z. Using Furstenberg's uniform reurrene theorem [4℄,
there exists a point x that is uniformly reurrent in Z. We denote by G the geodesi emanating from x
(observe that G˜(R) ⊂ Z). We also denote by H : R × (−∆−,∆+) the maximal strip around G. Uniform
reurrene means the following: for any neighbourhood W˜ ⊂ SM0 that intersets G˜(R), there exists L ∈ R
suh that
∀t, ∃s ∈ [t, t+ L] suh that (G(s), G˙(s)) ∈ W˜ .
The uniform reurrene and the maximality of the strip imply
(4.1) ∀ ε > 0, ∃L suh that ∀ t, d(H([t, t+ L]× {∆+ − ε}), P ) < 2ε.
Indeed, by maximality, for any ε > 0, there exists t0 suh that the geodesi γ emanating from the point
in phase spae given by (G(t0), G˙(t0)−
π
2 ) hits a onial point in time less than ∆
+ + ε2 . In partiular
d(H(t0,∆
+ − ε), P ) ≤
3ε
2
.
By ontinuity, we an nd a neighbourhood V˜ of (G(t0), G˙(t0)) suh that, for any (m, θ) in this neighbour-
hood, the geodesi starting from (m, θ − π2 ) stays in the
ε
2 tubular neighbourhood of γ until time ∆
+ − ε.
Using uniform reurrene, there exists L suh that, for any t, there exists s ∈ [t, t+L] so that (G(s), G˙(s))
belongs to V˜ . Using the preeding property we have that
d(H(s,∆+ − ε), H(t0,∆
+ − ε)) <
ε
2
.
We onlude (4.1) using the triangle inequality.
Observe that (4.1) means that if we represent the strip H by a vertial strip in R2 then we an nd
a vertial strip of width 2ε (that ontains the right boundary of the strip H) suh that any retangle of
height L ontained in this strip ontains at least one onial point.
We x loal oordinates near x so that x = ((0, 0), π2 ). Sine x is in the forward limit set, there exists tn
suh that γ˜0(tn) onverges to x. We set γ˜0(tn) = (zn, θn). Represent now in R
2, the strip H around (0, 0)
and the strip h around zn. By standard Eulidean geometry, for ǫ << δ the intersetion of any vertial
strip of width 2ε with h ontains a vertial retangle of width 2ε and height that goes to ∞ when θ goes
to
π
2 (see Figure 3). Indeed, denoting by α =
π
2 − θ, this height is
2δ
sin |α|
−
2ε
tan |α|
.
Using (4.1), sine there is no onial point in h, this implies that we have θn =
π
2 for n large enough. The
strip h around zn is thus represented by a vertial strip of width 2δ. Then maximality of both h and H
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H
h
L
2ε
G
Figure 3. Illustration of the argument in the proof of Lemma 13. For suiently large
n, if θn 6= π/2 then the strip h would ontain a retangle of size 2ǫ × L, as illustrated.
This is not possible as any suh retangle intersets P .
implies that the strips oinide up to a translation in the rst variable; in partiular, the widths oinide,
and zn is independent of n. But this implies that the geodesi γ0 is periodi. 
Proof of Proposition 12. (i) Let us onsider a geodesi g suh that ¯g(R) ontains no onial point. There
exists ǫ > 0 suh that ∀t, B(g(t), ǫ) ∩ P = ∅. For, otherwise, we ould nd sequenes ǫn, tn, and pn suh
that d(g(tn), pn) < ǫn ontraditing the hypothesis. This implies that the geodesi g : R → X0 extends
to a strip of positive width and Lemma 13 onludes the proof.
(ii) We only have to prove the niteness property. Denote by Ci the maximal ylinders. By denition
the middle geodesi of Ci is at distane at least ε of the onial points. So that the ε/2 strip around this
geodesi onsists in periodi geodesis at distane at least ε/2 of the onial points. Denote by Si this
strip. The proof of Lemma 4.2 of [7℄ (see also g. 2 of this referene [3℄) implies that if γi and γj are two
periodi geodesis in strip Si and Sj respetively then, at any of their intersetions, they make an angle θ
satisfying
1
sin θ
≤
min(Li, Lj)
ε
.
We an now adapt the argument of [3℄. Fo any i we onsider the following region Vi of SX0,
Vi = {(x, θ), x ∈ Si, |θ − θi| <
ε
2Li
}.
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The preeding estimate implies :
(1) Vi is isometri to (−ε/2, ε/2)× SLi × (−
ε
2Li
, ε2Li ),
(2) for dierent ylinders, the regions Vi are distint.
The rst point implies that the volume of Vi is bounded away from zero independently of the ylinder,
and the seond point oupled with the fat that the unit tangent spae to X has nite volume yields the
result. 
Remark 14. We have seen that the ε neighbourhood Uǫ of the onial points is a ontrol region for X0.
Sine any geodesi that enters the ε-neighbourhood also enters the annular region ε/2 ≤ d(x, P ) ≤ ε, the
union of these annular regions is also a ontrol region. A similar argument also shows that for any δ > 0
and any ε > 0 the ε-neighbourhood of the union of the normal o-bundle to the irles d(x, p) = δ is a
ontrol region (in the otangent bundle!).
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